A method of order four for finding multiple zeros of nonlinear functions is developed. The method is based on Jarratt's fifth-order method (for simple roots) and it requires one evaluation of the function and three evaluations of the derivative. The informational efficiency of the method is the same as previously developed schemes of lower order. For the special case of double root, we found a family of fourth-order methods requiring one less derivative. Thus this family is more efficient than all others. All these methods require the knowledge of the multiplicity. Published by Elsevier Ltd
Introduction
There is a vast literature on the solution of nonlinear equations and nonlinear systems, see for example Ostrowski [1] , Traub [2] , Neta [3] and references there. Here we develop a high-order fixed point type method to approximate a multiple root. There are several methods for computing a zero ξ of multiplicity m of a nonlinear equation f (x) = 0, see Neta [3] . Newton's method is only of first order unless it is modified to gain the second order of convergence, see Rall [4] or Schröder [5] . This modification requires a knowledge of the multiplicity. Traub [2] has suggested the use of any method for f (m) (x) or g(x) = f (x) f (x) . Any such method will require higher derivatives than the corresponding one for simple zeros. Also the first one of those methods requires the knowledge of the multiplicity m. In such a case, there are several other methods developed by Hansen and Patrick [6] , Victory and Neta [7] , and Dong [8] . Since in general one does not know the multiplicity, Traub [2] suggested a way to approximate it during the iteration.
For example, the quadratically convergent modified Newton's method is
and the cubically convergent Halley's method [9] is
where f
n is short for f (i) (x n ). Another third-order method was developed by Victory and Neta [7] and is based on King's fifth-order method (for simple roots) [10] 
where
and
Yet two other third-order methods developed by Dong [8] , both require the same information and both are based on a family of fourth-order methods (for simple roots) due to Jarratt [11] :
Our starting point here is Jarratt's method [12] given by the iteration
where u n is as above and
Jarratt has shown that this method (for simple roots) is of order 5 [12] if the parameters are chosen as follows
It requires one function-and three derivative-evaluation per step. Thus the informational efficiency (see [2] ) is 1.25. Since Jarratt did not give the asymptotic error constant, we have employed Maple [13] to derive it,
where A i are given by (14) with m = 1.
New higher order scheme
We would like to find the six parameters a, b, c, a 1 , a 2 , a 3 so as to maximize the order of convergence to a root ξ of multiplicity m. Let e n ,ê n , n be the errors at the nth step, i.e. e n = x n − ξ e n = y n − ξ n = η n − ξ.
(11)
If we expand f (x n ), and f (x n ) in Taylor series (truncated after the N th power, N > m) we have
To expand f (y n ) and f (η n ) we use some symbolic manipulator, such as Maple [13] , we find
where, for simplicity, we chose
Thus
The error in η n is given by
We now expand f (η n ) in terms of e n
Now substitute (13) , (15), (19) and (23) into (8) and expand the quotient f n /(a 1 f (x n ) + a 2 f (y n ) + a 3 f (η n )) in Taylor series, we get 
where the coefficients C j i depend on the parameters b, c, a 1 , a 2 , a 3 . These 5 parameters can be used to annihilate the coefficients of e n , e 2 n , e 3 n and one of the terms in e 4 n . Thus the method is of order p = 4. Actually, except for m = 2, we used b = a = m/2 and thus we have only 4 parameters at our disposal. This is sufficient to obtain fourth-order methods. Because of the complexity of the above equations, we have listed the parameters for m = 2, 3, 4, 5 and 6. All these methods are of fourth order. The error is given by
where r 1 , r 2 , and r 3 are given in the above table for each m. For m = 3, we can choose the free parameter b to equal a = 3/2. To summarize, we managed to obtain a fourth-order method requiring one function-and three derivative-evaluation per step. The informational efficiency of these methods is 1, as all the above mentioned methods for multiple roots. The efficiency index is 1.4142 which is lower than the third-order methods. In the case m = 2 we found a method that will require only two derivative-evaluations (a 3 = 0) and thus the informational efficiency is 4/3 and the efficiency index is 1.5874. We could not find such efficient methods for higher m.
Numerical experiments
In our first example we took a quadratic polynomial having a double root at ξ = 1
Here we started with x 0 = 0 and the convergence is achieved in 1 iteration. In the second example we took a polynomial having two double roots at ξ = ±1
Starting at x 0 = 0.8, our method converged in 1 iteration. When we start at x 0 = 0.6, our method required 2 iterations. The results are given in Table 1 . Similar results were obtained when starting at x 0 = −0.8 and x = −0.6 to converge to ξ = −1.
The next example is a polynomial with triple root at ξ = 1 The iteration starts with x 0 = 0 and the results are summarized in Table 2 . Another example with a double root at ξ = 0 is
Starting at x 0 = 0.1 our method converged in 1 iteration, but when we start at x 0 = 0.2, our scheme converged in 1 iteration. The results are given in Table 3 . The last example having a double root at ξ = 1 is
Now we started with x 0 = 0 and the results are summarized is Table 4 .
